Peace through bribirig

Jingfeng LU Zongwei L4  Christian Rii$
April 19, 2023

Abstract

We study a model in which before a conflict between two parties escalates into a war
(in the form of an all-pay auction), a party can offer a take-it-or-leave-it bribe to the other
for a peaceful settlement. In contrast to the received literature, we find that peace security
is impossible in our model. We characterize the necessary and sufficient conditions for
peace implementability. Furthermore, we find that separating equilibria do not exist and
the number of (on-path) bribes in any non-peaceful equilibria is at most two. We also
consider a requesting model and characterize the necessary and sufficient conditions for
the existence of robust peaceful equilibria, all of which are sustained by the identical (on-
path) request. Contrary to the bribing model, peace security is possible in the requesting
model.
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1 Introduction

It is not uncommon that before a conflict between two parties escalates into a war, one of them
may seek a peaceful settlement by bribing the oppohedhder what conditions would the
briber always succeed and thus peace be guaranteed? To shed light on the question, we consider
a model in which before a single-object all-pay auction starts, a player (player 1, he) can offer
a take-it-or-leave-it bribe to the other player (player 2, she). If player 2 accepts the bribe, then
she exits the auction and player 1 wins the object at zero price and thus peace is achieved;
otherwise, both players enter the auction and compete with each other non-cooperatively and
thus the conflict escalates into a war.

In our model, there can be various degrees of peace prospects, and we adopt similar notions
of peace prospects fromheng(20190). If peace occurs with certainty in a perfect Bayesian
equilibrium (hereafter, equilibrium), then we say that the equilibriupeiaceful If there exists
a peaceful equilibrium (supported by a belief system), then we say that peageamentable
Furthermore, if an equilibrium survives the D1 criteriézh(0 and Sobg]1990), it is said to be
robust. Finally, if peace occurs with certainty for any belief system, then peace is securable.

In contrast toZheng(20190), we find that in the bribing model, peace security is impossi-
ble. The reasons for this qualitatively different result are the followingZHang(20190), if a
player rejects the proposal by the mediator, the player does not have an opportunity to offer a
new proposal and both players enter the continuation auction immediately. So security requires
that the highest possible expected payoff of each player from the continuation auction (among
all possible beliefs) is lower than the proposed share of the prize, should the player reject the
proposal. The highest expected payoff of the rejecting player is achieved when he/she is be-
lieved to be of the lowest type. So basicallyZheng(20190), the proposal of the mediator is
meant to remove the strong type’s incentive to pretend to be weak and bid low and win the ob-
ject at a low cost in the continuation auction. In our model, the strategic consideration of player
1 is very different when deviating to off-path actions. Player 1 has the opportunity and incentive
to propose a bribe slightly lower than the on-path bribe, in a hope that the new bribe is still high
enough and only leads to a minor probability of rejection. This hope may be fulfilled when
player 2 believes the new bribe is offered by high enough types of player 1 (e.g., the highest
type). Itis then possible that cost-saving effect from the lower bribe (when accepted) dominates
the competition effect from the higher chance of rejection and the resultant war. Peace security
requires that this should not be possible for any belief system. However, it turns out that player
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1 can always deviate to a slightly lower bribe and for some high enough belief about player 1's
type, the bribe would be accepted by player 2 with certainty. That means a profitable deviation
for player 1 and thus the impossibility of peace security.

Peace implementability is however possible in our model because it only requires some
specific belief system to sustain a peaceful equilibrium. We characterize the necessary and
sufficient conditions for peace implementability. With the conditions, generally, there exists a
continuum of equilibria, which are all robust and yield different payoffs for the players.

We then consider comparative statics for peace implementabilitgh&mg (20190, if ei-
ther of the two players becomes stronger in the sense that the type distribution becomes more
first-order stochastic dominant and the support is unchanged, then peace implementability is
preserved. In our model, this result remains true for player 1's type distribution but not neces-
sarily true for player 2’'s. The reason is that first-order stochastic dominance means a redistri-
bution of probability mass from lower to higher types. Thus it is possible that the lowest type
of player 1 can earn a higher expected payoff by offering a higher bribe. The higher bribe may
lead to a significant increase in the probability of acceptance, the effect of which may outweigh
the impact of a higher payment (when the bribe is accepted). That means a higher maximum
off-path expected payoff of player 1, which renders peace implementability impossible.

We proceed to examine non-peaceful equilibria. We find that in any non-peaceful equi-
librium either there is a pooling bribe or there are two bribes. In the latter case, the lower
bribe is rejected with a positive probability while the higher bribe is accepted with certainty.
In particular, we show that there exist no separating equilibria. This result echoes with that of
Rachmilevitch(2013,2 but it is in contrast to the finding dfs6 and Schumm&R004). The
intuition is that a higher type always has the incentive to mimic a marginally lower type. When
doing so by offering a lower bribe, a higher type can benefit not only from acceptance but
also from the rejection of the lower bribe because in the continuation auction the highest bid is
lower and the higher type wins for sure. These two effects outweigh the small cost of having to
compete with slightly more types in the continuation auction.

It is also common in practice that one party requests a payment from the other in exchange
for its own exit from the conflict. We further discuss briefly a requesting model in which player
1 can commit to a bargaining protocol in which he only requests a bribe from his opponent.
We characterize the necessary and sufficient conditions for the existence of robust peaceful
equilibria. Contrary to the bribing model, all robust peaceful equilibria share the same on-path
request—the lowest valuation of the opponent (which is the highest possible peaceful request).

2Rachmilevitch(2013 analyzes the first-price auction case and his attention is not on peaceful settlement.



The intuition for this result is that upon receiving any off-path request, under the D1 criterion,
the only reasonable belief of player 2 is that it is sent from the highest type of player 1. So any
request lower than the lowest valuation of player 2 is accepted by all types of player 2. So if the
equilibrium request is lower than the lowest valuation of player 2, then there is a gap between
the equilibrium request and the lowest valuation of player 2. And then player 1 can always
deviate to a request in the middle, which would be accepted with probability one. Hence, the
only possible equilibrium request should be the lowest valuation of player 2.

Interestingly, however, we find that in the requesting model peace security is possible and we
characterize the necessary and sufficient conditions for it. Peace security does not require more
restrictive conditions on player 1's primitive than the ones for a robust peaceful equilibrium if
the lowest type of player 1 is higher than the counterpart of player 2, while it does require some
more restrictive conditions on player 1's primitive if the opposite is true. The reason is that in
the latter case, without the extra condition it could be possible for the highest type of player 1
to trick player 2 with the lowest belief into rejecting the request and submitting a low bid in the
continuation auction. But in the former case, the lowest type of player 1 is high enough so that
the possibility vanishes.

The rest of the article is organized as follows. A brief review of related literature is given
for the rest of this section. In sectidn we describe the model and introduce some results for
all-pay auctions fronZheng(20190. In section3, we first show that peace security is impos-
sible and then characterize the necessary and sufficient conditions for peace implementability.
We then proceed to consider non-peaceful equilibria. In seétiome discuss the requesting
model briefly and characterize the necessary and sufficient conditions for the existence of robust
peaceful equilibria. Sectioficoncludes.

1.1 Related literature

Our work is most related t&so and SchummgP004) andZheng(2019hH. Es6 and Schum-

mer (2004 pioneered the literature of dynamic models for bidder collusion. They consider
second-price auctions and are interested in the notion of bribe-proof, namely the possibility that
peaceful settlement cannot be achieved (in some equilibria). They show that under some regu-
larity conditions there exist some robust increasing equilibria. The difference is that we consider
all-pay auctions and we are interested in the possibilities of a peaceful settlement. The nature
of all-pay auctions complicates the analysis because there are no (weakly) dominant strategies
available for players in the continuation auctions should player 2 reject a bribe. On the other
hand, thanks tazheng (20190, the analysis in the current article becomes possible with his
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results on two-player all-pay auctions (with arbitrary, independent type distributions).

SinceEso and SchummégR004)’s work, alternative models for second-price and first-price
auctions have been proposeachmilevitch(2013 considers the same bargaining protocol
in first-price auctions whiléRachmilevitch(2015 allows for alternating offers between two
players in second-price auctionsroyan (2017 extendsEsd and Schummeg2004)’s model
to a setting of interdependent valuations and affiliated signals. Our alticket al. (2021)
considers again second-price auctions but allows for a combination of a bribe and a request.
The difference of the current paper from this strand of literature is that we consider all-pay
auctions and our focus is on peaceful settlement.

Zheng (20190 considers a conflict-mediation model in which before an all-pay auction
starts, a mediator can recommend a split of the prize. If the split is accepted by both players,
then the game ends and peace is achieved; otherwise, both players enter the auction and compete
with each other non-cooperatively. The difference is that in our model a player is endowed with
bargaining power and bargains with the opponent diréctly.consequence of the difference
is that in our model the briber can propose different off-path bribes which endogenize player
2's beliefs and replies. In particular, in the continuation games of our model, both players’
type distributions may be updated whereas in his model only the rejector’s type distribution is
updated. Zheng (20199 considers the same mediation model for first-price auctiofesn-
ranzadeh and Zher(@022 revisit the all-pay auction model and explore the case where peace
cannot be guaranteed. In their paper, the mediator’s objective is to maximize the sum of the
ex-ante payoffs of the players.

More generally, our work is related to the conflict mediation literature. In one strand of
the literature, such &ester and Warnery(20069, Compte and Jehi€2009, Fey and Ramsay
(2011, Horner et al(2015, andSpier(1994), an exogenous outside option of peace is assumed
for the conflicting parties and there is a mediator who chooses a mechanism to preempt the
conflict. In another strand of the literature, the outside option is rather determined endogenously
by the continuation play during the conflict if the mediation does not preempt the conflict.
For example, apart frol@heng (20191, Balzer and Schneidg2021) consider a particular
mechanism—the Alternative Dispute Resolution (ADR). Assuming discrete type distributions,
they characterize the optimal ADR mechanism that maximizes the settlement rate.

Some works study conflict-avoidance in complete-information settings and typically model
wars as Tullock contests. For examphevia and Corchoi2010 consider a stylized Tullock

3Another difference from Zheng (2019) is that we assume that players have private valuations whereas in his
model the valuations are common but bidding costs are private.



contest before which each of the two parties may pay the opponent for peace. They study the
roles of inequality of resources and military proficiency in the bargaining outcomes of peaceful
agreements. With a potential war also modeled as a Tullock comtesbst et al(2017) ex-
amine two games—a split game with a mediator and a demand game without a mediator. Their
laboratory results suggest that in the split game the likelihood of conflict is independent of
the balance of power whereas in the demand game the likelihood is positively correlated with
imbalance of power. IiKimbrough and Shereme{2013, a player can make an offer to the
opponent before the contest starts. The offer can be binding or non-binding (the recipient can
still engage the opponent even after receiving the payment). They find in their experiments that
even in the non-binding case the ability to offer side-payments still reduces the cost of conflict.
Finally, Horner and Sahugu€2007) analyses a dynamic auction in which jump bidding is
used by players to signal their private information. They show that non-monotonic signaling is
possible when jump bidding is allowed.

2 The model

Two risk neutral players, player 1 (he) and 2 (she), are about to attend an all-pay auction before
which player 1 can offer a take-it-or-leave-it bribéo player 2. If player 2 accepts the bribe,
then she exits the auction and player 1 wins the object with zero price; otherwise, both players
enter into the auction and compete with each other non-cooperatively.

Fori € {1,2}, playeri’s valuationv; (referred asypeas well below) for the auctioning object
is independently distributed according to an atomless contingough density functionf; on
a support (denoted by supp below) vi] with v; > v;.

We focus on perfect Bayesian equilibria in which player 1 uses a pure (behavioral) strategy
for the bribes and player 2 also uses a pure strategy when deciding whether to accept or reject.
However, we allow for mixed strategy equilibria for the continuation auction in the same sense
as inZheng(2019h.

Upon receiving an off-path brible player 2 forms a beligf; about player 1's type and uses
a behavioral acceptance-rejection strateggome types accept it and the other types reject it.
The induced type distribution of player 2 in the continuation auction is denotee.byVe
assume thdf; andF are independent. Each typds allowed to use a mixed strategy and thus
playeri uses alistributional strategywhich is a probability measure on the product space of
types and bids. We use to denote the equilibrium (and the strategy pair) of a continuation
auctionG(Fi,F). To distinguisha from the equilibrium of the grand game, we use BNE



(Bayesian Nash equilibrium) far. For convenience of exposition, we ugeto denote the
payoffs from the grand game atl to denote the payoffs from the continuation auctions. The
support ofF; is denoted by;. Notation d is the Dirac measure (and the distribution) with
support{x}.

Playeri’s strategy in a BNEo yields a bid distributiorH; 5(-) andc; ¢ := Hi ¢(0). So if
player—i bids 3, the win probability isH; (). Due to the payment rule of an all-pay auction
and the equilibrium condition, for any, the supports of the bid distributions of the two players
are common and we denote the highest possible big;by

For off-path consistency, it is required tllaandg(lfl, Ifg) are consistent with each other:

(). The acceptance-rejection behavior of player 2’s typesisiconsistent with the equilib-
rium outcome ing(F1, ) (and beliefry); if type v» ¢ Vs, accepts an off-path bribdg she
should not find it profitable to submit any bid in the continuation auction; if type V-
rejects an off-path bribb, then her payoff from the continuation auction should not be
lower thanb.

(i). F» is consistent withy and the equilibrium outcome froi(Fy, ), and is common for
both players'

Off-path consistency does not rule out the following possibilities. For an off-path brinel a

belief F1, there may exist multiple pairs ofando that satisfy the requirements, which we call
consistent replies. If two different consistent replies yield the same expected payoff for each
typev; (i = 1,2) in the grand game, we say they @guivalent We discuss equivalent replies
with more details in sectioB.

Off-path consistency implies that if for an off-path bribe the lowest rejecting type is in the
interior of the type support, then this type must be indifferent between accepting the bribe and
rejecting it. The indifference condition in turn implies a unique consistent reply for each belief
induced by strictly positive off-path bribes.

Finally, for the continuation auctiog(F, ) following rejection of an on-path pooling
bribe, we usar, to denote an associated BNE.

2.1 Preliminaries

In this section we introduce some properties of equilibria of two-player all-pay auctions (with
independent type distributions) frodneng(20194).

4Given the rejection set implied hy Bayes's rule is applicable.



Lemma 1. For any all-pay auctiorg(Fy, ) and any BNEo of G(Fy,F,) there exists a unique
triple (Xg,C1.0,C2.6) € R4y x [0,1]? such that for each& {1,2} and all b [0,%5], Hi ¢(X5) =
1 and

H; ) =Ci / dy,
|a i,o+ H|0Y))y

where ¢4 :=H; ¢(0) and
F1(x) := inf{t € suppF : F(t) > x}.
Furthermore,

(@). ¢,6C20=0;

(b). given the equilibrium behavior of typesi\e suppF_; in @, for any type ¥ the supremum
expected payoff, denoted by(| o), is® ©

Ui(vilo) = max H_i.o(B)Vi —B.

Proof. Theorem 6 and Theorem 5 #heng(20190). ]

Remarkl. A useful interpretation o€, ;¢ o = O is that the lowest types of, R (denoted
by say,v;,V,) should not both earn positive expected payoffs becaligg|o) = c_j sV;. In
particular, the highest bik; should not be lower than miny, v, }.

Let
&(R) = the set of BNEs o (R, F_).

The following lemma follows from Lemmaand concerns the equilibria of one-sided complete
information all-pay auctions.

5The result is for any;, includingv; ¢ suppF; (if they can bid secretly). IiZheng (2019, for this result,
typev; is restricted to strictly positive values, which is due to the fact that in his common value model, type zero’s
valuation is one, although the cost of any positive bid is infinite. So when- 0, type zero bids zero but earns
an expected payoff_;/2 due to the tie-breaking rule whereas any positive type can earn an expectedcpabygff
bidding O". Therefore, type zero should be excluded for this result. In our model, the valuations are different for
different types. So whea ; > 0, the expected payoff of any type> 0 from bidding 0 is c_jv;, which converges

to zero whery; tends to zero. Thus, in our model, for this result, type zero need not to be excluded.
6As is common in the literature (e.d-ebrun (1996 andZheng(20191)), if player —i’s bid distribution has

an atom at zero bid, then the tie-breaking rule is assumed in such a way that wheni glagerero the win
probability of playeii is alsoH_; ;(0). That is because the supremum expected payoff of piaget_; ;(0)vi by
bidding 0'.



Lemma 2. Forany i€ {1,2}, and any y # 0, £i(d,) = {0"} such that

B 1
VB € [0,X5+] Hi o+ (B) = Ci,g+ + 17 s ds (1)
° F [ (v_i*‘i‘c—l,a*)
VB € [O,Xo’*] Hfi,g*<B) — é +C7| O*)
|
Ci,o+Cjor=0;
Xo'* = \flk(l— C_i7o'*).
Proof. Lemma 13 inZheng(20195). n
Remark2. The boundary conditiohl; 5+ (Xg+) = 1 implies
1 1
Cigr=1—V ——ds 2
"o oo ESN(S) @

It follows from above that:

(a). ifci g+ > 0thenc_j o+ = 0. This in turn implies that type"’s expected payofd; (vi'|c*) =
0 andxg+ = V.

(b). Xg+ < Vi is equivalent t@_j o« > 0. It follows from above that ik« < V', thenc_j 5+ > 0.
If c_i o+ > 0, then the probability of player 2 bidding zero is strictly positiverin’ which
impliesxg+ > inf suppF, and

Ui(Vi'|0") =V —Xg= = V{C_j g+ > 0.
It follows thatxgs+ < V.

Remark3. The following lemma concerns the expected payoff of type the all-pay auction
in which player—i believes that the common belief of the gam@(:vi*,lf_i) while playeri
secretly knows that his own typevs

Lemma 3. Given the above -+, for any type v. if c_j o+ = 0 and v <V, then bidding zero
is a best response to_Hy+ and the expected payoff isig+Vvi = 0; if vi > V", then the best
response is to bida and thus the expected payoff js\g+ or equivalently y— Vi (1—c_j g+).

Proof. Lemma 14 inZheng(20190). ]

It means that the lowest possible type must earn zero payoff.in




3 The bribing model

3.1 Peace implementability and security

It is obvious that in any peaceful equilibria there cannot be multiple bribes that are accepted
with probability one. So any peaceful equilibrium is pooling.

Consider a peaceful equilibrium in which all types of player 1 pool the brib;aeaio,\_/l]
which is accepted by all types of player 2. In the equilibrium, type payoff isv; — b whereas
typevyo’s payoff ish. In such a peaceful equilibrium, there are two types of off-path deviations.
On one hand, rejection is off the path. On the other hand, there are many unsent bribes.

We consider first player 2’s rejection.

Suppose player 2 unexpectedly rejects the bbibén the continuation auction, player 1's
type distribution is the same as the prior. Because rejection is off the path, player 1 can hold
arbitrary beliefs about player 2's type distribution.

It is not profitable for all types of player 2 to rejeEtif and only if the highest type of
player 2, namely,, earns an expected payoff lower tHabecause for any belief the expected
payoff function of player 2 is increasing (by Lemma Let the expected payoff of type
in the continuation auctions following the rejection of player 2Uév»|d>) for a beliefF.
According toZheng (20190, for type v, the highest possible,(v2|02) is achieved when
player 1 believes, = v, and the lowest possibld,(v»|02) is achieved when player 1 believes
Vo2 = V. Let 0, denote a BNE induced by beliep = v, and g, a BNE induced by belief
V2 = V,. So implementability of peace requires thst(v,|0) < b whereas security of peace
requires thatly(vz|g,) < b. Or equivalently, the former requires

VoC1 5, < b, (3)

whereas the latter requires that
V2—Vo(l—cyq,) <h. (4)

where

1
C1g, :=inf{cy € [0,1] :\72/ 1 ds< 1},
C

11
C1,0, :=inf{cy € [0,1] :\_/2/ ds<1}.
C
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We now turn to player 1’'s deviation to off-path bribes. We first characterize the structure
of player 2’s replies (with a positive rejection probability) to the off-path bribes. When the on-
path bribe is positive, then zero bribe is off-path and may have multiple consistent replies. The
following result shows that for any consistent reply of player 2 induced by any offipiudre
is an equivalent one with an interval rejection set.

Lemma 4. For any off-path bribe b, for any givelfy, any consistent reply is equivalent to one
with a rejection sefay 5 (b), v2] for some a 4 (b) which induces a BNE .2 In o,

0270' - O.
Proof. See Appendipd.1. ]

Surprisingly, we find that in contrast #theng(20191), peace security is impossible in our
model.

Theorem 1. Peace is not securable.
Proof. See Appendipd.2. ]

In the proof we first show that if peace is securable, it can only be secured by a unique bribe,
which is the highest possible expected payoff that typearns in the continuation auction
when she rejects the on-path bribe and is believed to be the lowest type. Then we show that if
an off-path bribeb (O,b_) is rejected for the belief; = vy, then in the continuation auction
the expected payoff of any type of player 2 is no greater thanv;. It is this fact that renders
peace security impossible because it turns out that player 1 can always deviate to some bribe
lower thanb and it should always be accepted by player 2.

We proceed to examine peace implementability.

Let (v1|b, F1) be the expected payoff of typg from a deviation to an off-path brible
when player 2's belief i§; which induces a continuation auctigiiFy, ).

Lemma 5. For any off-path bribe b, for anlf;, any BNEo of any induced} (F1, &), i (vi|b, Fy)
increases continuously at rates no greater than one.

Proof. See Appendid.3. ]

8Althoughay ¢ (b) depends o, to save notation, the argument is suppressed in the proofs.
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The above result implies that implementability critically depends on the expected payoff of
typev, from deviations to all possible off-path bribes, because the equilibrium payoff of player
1 increases with type, at a rate equal to one. That s, if it is not profitable for typéo deviate
to someb for some belief;, then with the same belief it is not profitable for any type> 1
to deviate to the sante

Hence, the examination of peace implementability amounts to searching for theFaelief
that minimizesr (v|b,F1) for eachb. Peace is implementable only if the maximum of the
minimizedrm (v, |b, F1) among all off-pattb does not exceed the equilibrium payoff of type
That is, peace implementability requires

maxmina (v4|b, F1) < vy.
b K

Lemma 6. For any off-path bribe b, for anf;, any BNEo of any induced; (Fy, ),

78 (v1|b, F1) = Fa(a2,0(b)) (v — b). (5)
Proof. See Appendipd.4. n

The structure ofr (v, |b, F1) implies that for each, 7 (v;|b, F1) is minimized by the lowest
possibleay ¢ (b) induced by somé&;. Before identifying suctay 5 (b), it is convenient to con-
sider the lowest rejecting type of player 2, denoteapy(b), when player 2's belief ig; = v;
and some BNH is induced. Below we give the conditions fag s (b) < v> and show that it is
unique.

Let ®d,(v2|X) be the probability distribution of, conditional onv, > X, i.e.,

Fa(v2) — Fa(X)

Dp(V2[x) = == 500

and denote the inverse function g *(-|x). Let

. ! 1
To(X) ._/0 st

Whenx increases®,(v2|x) becomes more first-order stochastic dominant. Stochastic domi-
nance implies thaf,(x) is decreasing ix. It is also clear thaf (v,) = fol(F{l(s))‘lds

Lemma 7. Consider an off-path bribe b. Suppose the induced bejiefv; = vp. Ifb<wvo—vy,
a consistent reply with a non-empty rejection(seiy (b), vo] exists and is unique; if b vo — vy,
the rejection set is empty.

12



When b< vo — vy,

ds

Vo ifl—y%>\_/1folﬁ ®)

ag(b) =
a, otherwise

where a satisfies
b
1-—=vTo(ap)
a

which admits a unique solution. Furthermore,#b) is non-decreasing.
Proof. See Appendi.5. ]

The following result shows that for eath 1 (v, |b, F1) is minimized by the beliet; = vy,
or equivalentlyap 5 (b).

Lemma 8. For any given off-path bribe b, among all possiltie any BNEg of any induced
G(F1,F2), Xg < Xo and & ¢(b) < az,4(b).

Proof. See Appendid.6. ]

We are now ready to state our second main result. Let

b*carg max  7m(v|b,d,) = F(azs(b))(v; — D),

b<max{0,vo—V; }
whereay ¢ (b) is given by 6).°
Theorem 2. If v, < vy, then peace is implementable (through a zero bribe) if and only if
Cig, = 0.
If v > vy, then peace is implementable if and only if
V2C15, + F2(82,0(b")) (V1 —b7) < vy (7)
Furthermore, all peaceful equilibria are robust.

Proof. See Appendipd.7. ]

9Although in principle there could be multiple stationary points, a solution and the maximum can be solved by
a standard approach.
10As noted inZheng(20191), the same result (the equivalence of robustness and implementability) obtains in
his model.

13



Remark4. With Lemma7, it is straightforward to check whether the conditions for imple-
mentability is satisfied for given type distributiorRsandF,.

Remarlb. It follows from the proof of the result above that whéiliolds, an)Ee [V2C1. 5, V1 —
Fo(ag,g(b*))(vy —b*)] can sustain a peaceful equilibrium. Of course, among all peaceful equi-
libria, the maximum payoff of player 1 is achieved in the one aith vocy g, .

Corollary 1. If \TZfC'}(Fl‘l(s))_ldsg 1, then peace is implementable (at least in an equilibrium
with b = 0). If \72f01(F1*1(s))*1ds> 1 andv; = 0, then peace is not implementable.

Proof. See AppendipA.8. O

We now consider comparative statics for peace implementakilityng(2019) shows that
in his mediation model if either of the two players becomes stronger in the sense that the type
distribution becomes more first-order stochastic dominant and the support remains unchanged,
then peace implementability is preserved. It follows immediately froythat the same result
in the case of player 1 obtains in our model for the same reason. (Corllargn example.
If v fol(Fl‘l(s))—ldsg 1 and thus peace is implementable anéhiffirst-order stochastically
dominates;, thenvz [y (F;%(s))"tds< vz J5 (F{ 2(s)) "1ds< 1 and peace implementability is
preserved with.) In the case of player 2, a natural guess would be that the same result should
obtain as well in our model because it seems intuitive that when player 2 becomes stronger,
the lowest type of player 1 would earn a lower expected payoff from deviation and thus peace
implementability should be preserved. However, the following example shows that the guess
is not necessarily true and peace implementability may become impossible if player 2 becomes
stronger.

Example 1. In this example we can focus on the second term of the left sidé)ph&mely
Fo(azg(b*)) (v — b*).1 Supposer; is uniformly distributed orf0,100 andv; = 30. It is
straightforward to obtain

1 1 Iog(—X )
®,1(s/x) = (100— x)s+x and / — — ds= 21100/

Numerical methods show that
b* ~ 121762 ay 5(b") ~ 26.5604 F,(az ¢(b*))(v; — b*) ~ 4.73407

With some suitablé&, (7) holds with equality and peace is implementable only thrdoigh

¢, 5, in (7) depends only off, andvs.
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Suppose now that player 2’s distribution becomes a different one but with the same support

(0,100,
V2
Bylup) — § B0 O=V2 =0

185 30< v, <100

Itis straightforward to see th& first-order stochastically dominatEs. By the same procedure
as above,

b* ~ 134631 4, 5(b*) ~ 29.9416 F»(8, o (b")) (v, — b*) ~ 4.94177

Thus, with the samé&; as the above,7} fails with F» and peace is not implementable. The
reason is that witt, the probability mass concentrates more to the lefi,of 30. So it is
advantageous for type, to offer the higher bribd* which leads to a higher probability of
acceptanc@ﬁz(égg(ﬁ*)) ~ 0.298833> 0.265604~ F»(az ¢ (b*)). And acceptance helps avoid
competing with player 2 in the continuation auction in which typearns zero expected payoff.

It turns out that this effect could outweigh the effect from the higher payment in the case of
acceptance and thus yield a higher expected payoff for\yjpdf the path. This renders peace
implementability impossible.

3.2 Non-peaceful equilibria

We now consider non-peaceful equilibria. In any equilibrium, if an on-path bribe is accepted
with probability one, then any other on-path bribes must be rejected with a positive probabil-
ity.'? Lemma4 also implies that for any on-path briliethe rejection set can be described by
an intervaljay (b), V2] whereo is a BNE of the continuation auction.

We first rule out decreasing equilibria and non-monotonic equilibria.

Lemma 9. In any equilibrium, the bribing function is non-decreasing everywhere.
Proof. See Appendid.9. ]
We next consider equilibria with continuously increasing segments.

Lemma 10. There exist no equilibria in which the equilibrium bribing function is continuously
increasing over some type interval.

Proof. See AppendipA.10. n

121f there is a different brib&' offered by a different type; and accepted with probability one, then the lower
bribe is preferred by both types.
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The result above excludes possibility of equilibria with separating segment(s), which is
reminiscent of the result iRachmilevitch(2013. In particular, the result implies that there
exist no separating equilibria.

We proceed to examine the possibility of other types of equilibria and obtain the following
result which shows that in any equilibrium the number of on-path bribes is at most two.

Theorem 3. Suppose there exists a non-peaceful equilibrium. Then either it is a pooling equi-
librium, or in the equilibrium, there are two on-path bribes dnd b, with b < by. In the latter
case, for somejve (vq, V1), bribe b is offered by types;\w [v;,Vv;) and rejected with a positive
probability, and Iy is offered by y € (vj, V1] and accepted with probability orfé.

Proof. See Appendi.11. ]

4 Discussion: the requesting model

In this section, we consider the opposite scenario in which instead of offering a bribe, player 1
commits to the bargaining protocol of requesting a bribe. Again, peace is not implementable in
any separating equilibria for similar reasons in the bribing model. Below we focus on robust
peaceful equilibria (which can only be pooling).

Suppose that a peaceful equilibrium exists, with the on-path request denotedtigh
cannot be higher thaw.

Consider an off-path requestSimilar to the bribing model, for some belief, if it is optimal
for some typev, to rejectr, then it is also optimal for any typé < v, to reject the request.
So if the rejection set is non-empty, then it is an interfval az ¢(r)] for someaz o (r) < vo.
Clearly, it is optimal for all types, < r to reject the requestand thusas ¢ (r) > min{vy,r}.

For any given belief; and any BNEo of the induced continuation auction, the expected
payoff of typev; from an off-path requestis

M (Valr,F1) = Fa(a2,0(r)) (V1 —Xo) + (1~ Fa(azo(r)))r. (8)

If the consistent reply iro is partial rejection (i.e.a2 (r) < v2), then typea 4(r) must be
indifferent between rejecting and payingln that case, because typgs(r) is the highest type
of the rejection set, she must g in any BNE ¢ of the continuation auction and win with
probability one and thus; = r. if the consistent reply is full rejection (i.exp ¢ (r) = V2), then
Xg <T.

B3y, vj) meangyy, vi] or [vy, V). Similarly, (v;, V] meansiv;, Vi or (v;, va).
YFor any given belief, the expected payoff of player 2 is increasing at a rate lower than one.
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Lemma 11. If v; > 2v,, then there exist no peaceful equilibriayif < 2v,, then in any peaceful
equilibrium,r > vy /2.

Proof. See AppendiB.1. ]

Let Wy (v2|X) := Fx(v2) /F2(X) be the probability distribution of, conditional orv, < x and
let W, (-|x) be the inverse function. Clearli$ (W, (sV2)) tds= [}(F, () 'ds

Lemma 12. There exist no robust peaceful equilibriavif < vs.
Proof. See AppendiB.2. ]

It follows from Lemmalland12that a robust peaceful equilibrium exists onlyjf< v; <
2v,. We assume it is satisfied for the analysis below.
ConsiderG(dy,, F2) and denote a BNE bg™. Letc, 5+ be the value that (uniquely) solves

\71/1 (7' (s))lds: 1
Co.5+

if Vlfol(szl(s))—lds> 1 and equals zero otherwise. Let the highest bidiirbe xz+. Then by
Lemmaz2,
X+ =V1(1—Cz.5+).

Let ap 5(r) be (uniquely) given by
_r1 1 -1
i (% (lazalr)) ds=1 (©)
Co

wherec; 5 is given byr = vi(1— ¢, 5), if (9) admits ano, 5(r) € [v,,V2].1° And let

r*earg max F(azg(r))(vi—r)+(1—FR(aza(r))r. (10)

re [yz,XE*}

The following result characterizes the necessary and sufficient conditions for the existence
of a robust peaceful equilibrium.

Theorem 4. In the requesting model, there exists a robust peaceful equilibrium if and only if
the following conditions are satisfied:

(8). Vo <V1 < 2v;

SWhen a 5(r) decreases¥,(-|az5(r)) is more first-order stochastic dominant. Stochastic dominance im-
plies that the integrajclz_a (qu‘l(s|aztg(r)))fldsis increasing iz z(r). Thus if for a givency 5, (9) admits an
a2,5(r) € [V, Vo], then itis unique.

17



(b). Vo€15,=0;
(©). Vo =Fa(a2,5(r*)) (Vi —1*) + (1 — Fa(a2,5(r*)))r*.
In any robust peaceful equilibrium = v..
Proof. See AppendiB.3. O]

The intuition forr = v, is the following. In any robust peaceful equilibrium with D1, for
any off-path request, the only reasonable beliefjis= v1, because the expected payoff of
type v1 from the off-path deviation is increasing. From abowe;> v, in any robust peaceful
equilibrium. If typev; deviates to any off-path requeask v,, then it is accepted by all types
Vo. To see this, suppose to the contrary the rejection set is non-empty. Recall that the rejection
set consists of the low types of player 2, in particular, type In the continuation auction,
if type v, wins with a positive probability, then typg earns zero payoff and the highest bid
is v1 which is the bid of the highest type of player 2 in the auction, namely typg. Since
r < v, < Vi, typeda, s would rather have acceptedIf type v, wins with zero probability and
thus earns zero payoft, it is lower than the payoff from acceptir®p the only consistent reply
of player 2 is to accept < v, for all typesv,. So if the equilibrium request< v,, then typev;
can always deviate to somec (r,Vv,) and earn a higher payoff. Since the equilibrium request
cannot exceeu,, it can only bev,.

We proceed to examine peace security.

Lemma 13. For any given off-path r, for any possible beliefs and any BiNBf the induced
continuation auction,

O2g > 025> 025 and ¥ <Xg < Xg. (11)
Proof. See AppendiB.4. ]
Remark6. The inequalities in1) imply

(a). if full rejection is the consistent reply tdor the beliefv; = vy, then it is also the consis-
tent reply for any belief;

(b). if full rejection is the consistent reply tofor some belief, then it is also the consistent
reply for the beliefv; = v;;

(c). iffull acceptance is the consistent reply tior beliefv, = v;, then it is also the consistent
reply tor for any belief;
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(d). if full acceptance is the consistent replyrttor some belief, then it is also the consistent
reply tor for the beliefvy = v;.

The following results characterize the necessary and sufficient conditions for peace security.

Theorem 5. Suppose that there exists a robust peaceful equilibrium in the requesting model.
If v; > v,, then peace is securable if and only if

V,C1.5, = 0. (12)

If v; <Vv,, then peace is securable if and only if in addition 1Q),

Vi—V; <V,
Proof. See AppendiB.5. ]

Interestingly, peace security does not require more restrictive conditions on player 1's prim-
itive than the ones for a robust peaceful equilibriurgit> v, while it does require some more
restrictive conditions on player 1's primitive ¥j < v,. This is because in the latter case, if
V1 —V; > Vs, then it could be possible for the highest type of player 1 to trick player 2 with the
lowest belief 1 = v;) to reject the request and submit a low bid in the continuation auction
induced by a high (or low) enough request. But in the former case, the lowest type of player 1
is high enough and thus it is meaningless to trick player 2 with the lowest belief.

5 Conclusion

We study a simple model of conflict preemption in which one party actively bargains with the
other one through a take-it-or-leave-it offer of a payment. We adopt the notions for various
degrees of peace prospects in the received literature. We find that peace security is impossible
in our model, a result in contrast to the one in the mediation modéhang(2019hH. Such a
qualitatively different result is due to the different strategic considerations of the briber when
taking an off-path action. The briber’s intention is no longer to pretend to be weak and trick the
opponent in the continuation auction (as in the mediation model), but rather to pretend strong
and force the opponent to accept a lower bribe.

We characterize the necessary and sufficient conditions for peace implementability. With the
conditions, we find that unlike iZheng(2019h), peace implementability may be dismissed if
the receiver becomes stronger in our model. The reason is that with a stronger receiver, it could
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be more advantageous to offer a higher off-path bribe. The higher bribe leads to a significantly
lower probability of conflict and a modestly higher payment in the case of acceptance. And the
overall effect could be a higher expected payoff of the weakest type of the briber which renders
peace implementability impossible.

For non-peaceful equilibria, we find that there exist no separating equilibria in our model.
This result echoes with the findings in the bribing modekRathmilevitcn(2013 for first-price
auction, but in contrast taso and SchummgR004). We also show that in any non-peaceful
equilibrium, the number of on-path bribes is at most two, and if it is two, then the higher one is
accepted with certainty and the lower one is rejected by a positive probability.

We also consider a requesting model and characterize the necessary and sufficient conditions
for the existence of robust peaceful equilibria. We find that all such equilibria share the identical
on-path request which is the lowest possible valuation of the player paying it. Finally, we find
that contrary to the bribing model, peace security is possible in the requesting model.

In comparison, each of the bribing model and the requesting model has its own pros and
cons. In the bribing model, peace typically can be implemented robustly through a continuum
of bribes, but it is not securable; in the requesting model, peace can be robustly implemented
and secured, but only through a single request.

20



Appendices

A Proofs for the bribing model

A.1 Proof of Lemma4

It is convenient to consider the off-path zero bribe first when the zero bribe is not on the path,
because there may be multiple consistent replies to the off-path zero bribe. Specifically, it may
be that in some consistent reply, there exist some gaps in some rejectiGn seie types at

the bottom ol, reject the bribe and bid zero (and earn zero payoff) in the continuation auction,
whereas some higher types accept the zero bribe; all these types earn the same zero payoff
and thus are indifferent between accepting the zero bribe and bidding zero in the continuation
auction; therefore there can be multiple consistent replies to the zero bribe even for the same
belief F1.16 We show in the following claim that we can focus on a particular type of consistent
replies, theeffectivereplies. In the effective replies, the rejection set is an interval (without any
gap) and each rejecting type earns a positive payoff in any BMEthe induced continuation
auction except the lowest rejecting type.

Claim 1. Given the off-path zero bribe, suppose for some bdfiefhere exists a non-empty
consistent reply associated with a BME Then there exists an equivalent consistent reply:
for someay +(0), any typevs < ap 5(0) accepts the zero bribe and any typen [az ¢(0), V2]
rejects the zero bribe and uses the same strategyas in

Proof. Consider the off-path zero bribe and some consistent reply with the induced a
BNE o by some belief;. If type v, in the rejection sei, earns a positive expected payoff in
o, then it is optimal for any typ&, > v, to reject the bribe and earn a positive expected payoff
in the auction.
17 Let Vo, be the set of types earning a positive payoff anadyget ;= inf Vo, . So any type
inVo_ :={wa|v2 < @y 7,V2 € Vo } earns zero payoff iw. On the other hand, because any type
Vo> € Vo_ is indifferent between accepting the zero bribe and bidding zero in the auction, there
exists an equivalent consistent replyfpin which all types infag o7, V2| reject the zero bribe
and the other types accept the zero bribe. In the continuation auction induced by the equivalent
consistent reply, each type of each player uses the same strategy.as in

18For positive off-path bribes, this kind of multiplicity of consistent reply does not arise. We show the uniqueness
in Lemmay.

17Type\/2 at least can use the same strategy as ty{seand thus win with the same probability and thus earn a
higher expected payoff.
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To see the equivalence, let the equivalent continuation game be denotgdabgV, =
[az o7, V2]. Given the invariant behavior of types € V,, if it is a best response for some type
v1 to bid B in G, thenp is still a best response for typg in G’. To see this, leH, = P(v2 <
ap g'|Vo € V). If type v1 bids B in o and the win probability i$d1 5(83), the expected payoff
from the auction is
Ui(vy, Blo) = Hio(B)vi— B.

Given the invariant behavior of types € V,, if type vq bids 8 in ¢’, the win probability is
reduced tdH1 4(B) — H, and thus the expected payoff from the auction is

Us(v1,B|0") = (H16(B) — H2)vi — B.

Clearly, B remains a best response of typein o’ becausé,v; is a constant for type;. So
H1 o remains the best bid distribution of player 1dh Then, if player 1’s bid distribution is
Hi s in o', it is optimal for typess, € V; to use the same strategy asdn It is clear now that
the new consistent reply is equivalent to the oite. O

Now we discuss zero bribe and non-zero bribes separately.

If b > 0, then the rejection s&b is an intervalag o, Vo] for any beliefF1.18 In particular,
because typey ; earns a positive payoff ior, the bid distributionH, ; has no atom at zero,
l.e.,Cco o =0.

If b= 0, then for any belieF; by the claim above we can focus on the effective replies with
an interval rejection se#y o, Vo] as well. It follows that for any, ¢, o = 0. To see this, suppose
to the contraryc, o > 0 and thusH, ; has an atom at zero. Then it follows tlat; = 0 and
thus for any typer, bidding zero yields zero win probability and thus zero payoff. So if type
earns a positive payoff ia, then zero bid cannot be the optimal bid. Since each ¥ypeay »
earns a positive payoff, only type = a, ¢ bids zero. But then this implies thed ; = 0.

A.2 Proof of Theorem1

First, peace can only be secured by a unique briBappose two bribes can secure peace, say
b andb’ with b > b. Consider a peaceful equilibrium with and another peaceful equilibrium
with b. Denote the former equilibrium by and the latter bﬁ By security, in equilibrium;it

is not profitable for any type of player 2 to reject the on-path bipi ber any belief about player

18 with its own equilibrium strategy, the lowest type in the rejecting type set must win the object with a positive
probability and earn an expected payoff equab.té higher type can use the same strategy and thus win with the
same probability and thus earn a higher expected payoff.
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2’s type distribution (should player 2 rejelﬁl That is, for any, and for anyo, induced by
any P, Ux(V2|02) < b. Consider an off-path deviation of player 1t (b,b') in equilibrium
P’. Then

Ua(vo|0r) < 6< b.

So upon receivingdp, if the belief of player 2 is/; ~ F1, then any types, < v» should accept
b. Thus player 1 can profitably deviate lddfor the beliefv; ~ F; and bribeb’ can not secure
peace.

Next, we show thathe only possible candidate peaceful bribe for securi&:isuz(\Tz\ 05).
To see this, suppose peace is secured by a peacefulbribd,(v2|g5,). In a peaceful equilib-
rium with suchbt/, b € (6, b') is an off-path deviation. According @heng(2019h), for anyF,
Uz(Va|0,) > Uz(V2|02), or equivalentlyb > Ux (V2| a2). Thus, by the similar arguments above,
upon receivind, because, given the belief ~ Fy, for any belief, and any BNEos in the con-
tinuation auctionb should be accepted with probability one and thus a profitable deviation
for player 1 for the beliefF, ). This invalidates security by .

So nextsuppose peace is securedEJy& Uz (v2|05). It follows then thatv; > l:_)andvI > b.
Observe also thdt = U,(V|0,) > 0 and thus there always exist some off-path briesb.

Claim 2. Consider an off-path brible € (0, 5) If it is rejected for the belie¥; = vy, then in the
continuation auction the expected payoff of any type of player 2 is no greatevihan .

Proof. Suppose for the beliefi = v some typev, € [az 7, V2] rejects it for some, 5. Then
in any BNE o of the continuation auctiog (dy;, lfz(aga,\Tz)), type ap 7 must earn a positive
payoff (because > 0) and therefore; 5 > 0. It follows that typev; earns zero expected payoff

and the highest bigz = v1. Typevs must bidvy and earns exactly, —v1 in G(&;, F2(az. 5, v2)).
Therefore, any typg, earns an expected payoff no greater than v;. ]

Itis clear from @) that security requireg — v, < b. It follows thatsecurity requires; < v,.
To see this, supposa > v,, which impliesv, —v; < vo — Vv, < b. Then in some peaceful
equilibrium player 1 can deviate to sobe (max{vs —vi,0}, 5). Security requires thdt must
lead to a positive probability of rejection for any belief; otherwlidge a profitable deviation for
some belief and peace is not secured. In particular, security requires that for thevbelief,
typev; prefers bidding competitively in gan® &y, F>(az 5, V2)) to accepting for someay ;.
By Claim 2 it is not profitable for any type of player 2 to rejelatfor the beliefv; = vy, a
contradiction.

ConsiderG(Fy,dy,). The fact that/, < v, implies that the highest bid ig(Fy,d,,) cannot

exceeds;. It follows then thatl (v2|g,) > vo — vp or equivalentiy, — v <U(Vo|05) = b. But

23



in fact, security requiresi, — vy = U (v2|0,) = b. Suppose not, i.ev, = V3 < U (V2|0y) = b.
Then player 1 can deviate to sombe& (v, — v, 5), which by Claim2, for the beliefv; = vy, is
accepted with probability one, and thus the biithis a profitable deviation, a contradiction to
security.

Finally, consider agai(F1,dy,). Given the strategies of player 1 in any BNE of
G(F1,9y,), itis optimal for typev, to bid the highest bidy,. Thus the fact, — vy = U (v2|05)
implies that inG(Fy,dy,), Xg, = V1 and thus types; earns zero payoff, which is impossibife.
This completes the proof.

A.3 Proof of Lemmab

From Lemmal, for any typev; € |[v;,V1], the expected payoff in any given BN& of any
continuation auctiorg(Fy, ) is Ur(vi|b,F1) = maxgcr, Hzo(B)va— B. SinceUs(va|b, Fy)

is the maximum of a family of affine functions);(vi|b,F1) is convex and thus absolutely
continuous and differentiable almost everywhere. The expected payoff of anyitydé from
the deviation is

T8 (va|b,F1) = Fa(ag,6(b))v1+ (1— Fz(az,o(bD)([?;gf Hz,o(B)vi—B),

which is also absolutely continuous and differentiable everywhere.

SinceH, ; < 1, whenevers (v1|b, Ifl) is differentiable, the slope is not higher than one. At
those non-differentiable points, the left and right derivativesi¢¥|b, F;) are not higher than
one. Thusjm(vi|b, Fy) increases continuously at rates no greater than one.

A.4 Proof of Lemma6t

If the rejection set is empty, then the expected payoff of player 1 from the deviakgfvig (v; —
b) = v; —b. So below we assume non-empty rejection sets.

From above, for any and Fi, C2,0=0.

For a giverb, suppose player 2 holds a bellgfwith a support;. In the auction, any type
vi must be indifferent among any positive g in typevs’s bid support. This implies that for
any suchBs,

Ho o (BLV1—1=0,
In any BNEo of G(Fy, dv,), if the strategy of some typg < v1 wins a positive probability, then typg can

use the same strategy and then earns a positive payoff. &aainy typevi < v1 must bid zero. It follows that the
best response of typs is to bid O". But then typer; can win for sure by bidding0" and earn a positive payoff.
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which in turn implies thaHé’G(Bl)\_/l —1<0ifvy ¢Vh. Soify, ¢V, itis optimal for typev,
to bid zero and earmp sv; = 0 in the auction. Suppose now € V;. If type v, bids zero, then
again he wins zero payoff becausg, = 0. If suppo(-,v;) is a non-degenerate interval x,
then typev; must be indifferent between any bids(idy x|; but then typev;’s expected payoff is
equal to ling,_oHz 5(B1)V; — B1 = C2,6V4, Which is zero because ; = 0. This completes the
proof.

A.5 Proof of Lemma7

Suppose for some off-path the beliefv; = v; induces a consistent reply with a non-empty
rejection sefay g, Vo).

In the continuation auctiog (dy, F2(V2|V2 > @25)), C2 ¢ = 0 by Lemma4. By Lemma2,
the boundary conditiofl; 4(Xg) = 1 applying to () yields

1
1-ci1p= \_/1/0 mds: vilo(aog). (13)

Optimality of rejection for typea, ; requires thatl(az |b, dy,) = C1oa20 > b. So (13
and 1- 32~ > 1—c1 o imply

1- 2> viZa(82,0)- (14)
Qg

Observe that ifay s = b < V2, thenay 5 is given by the equality of of1(4) because the
LHS is zero while the RHS is nonnegative. S@jfy € (V,,V2), then (L4) holds with equal-
ity, which pins down the value odtzG The LHS of (L4) is an increasing function ddy g,
which increases from & - b to 1— whenaz g increases fromv, to vo. Whena s increases,
dy(vo|ag g) is more first- order stochastlc dominant. Stochastic dominance implies that the inte-
gral fo mdas decreasing iay ; and it decreases frofp(Vv,) to = Whenaz o increases
from v, to vo. That is, the RHS of equatiori{) decreases fromllz(vz) to . Thus, equality
of (14) admits an solutiomy ¢ € (V,, Vo) if and only if x; <1- \2 (or equwalentlyo <Vo—V,)
and 1— y% < v;75(V,). And the solution is unique, given by equality G#4§.2°

On the other hand, # < V2 —v; and 1 2 > v T(v,), thenag g = V,.

Finally, if b > v» — vy, then the rejection set is empty because from above a non-empty
rejection set requirels < vo — v;. SinceZs(v,) = fo = ds this completes the proof.

?The uniqueness is due to the fact tifat 1— V-b2 and 1- \sz < v;72(V,) can not hold with equality at the same
time.
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A.6 Proof of Lemma8

We first consider non-empty rejection sets.
Suppose to the contrag 5 > a o
Given an off-path brib®, considerg and somes. We note thaty ; > ap 5 implies

C10 <Cigo. (15)

If both a; ; anday ; are in the interior of the support o, both types are indifferent between
acceptance and rejection. 89,15 = b = apC1 0. Thusay s > a5 implies (15). If ay s
is not in the interior, namely, ; = V,, then typea, s > Vv, and still is indifferent between
acceptance and rejection @ and thusap ;C1 s = b. On the other hand, because ty@e,
rejectsbin g, he must earn no less tham ¢ and thusa; ;C1 ¢ > b. Therefore, the supposition
of ap s > ap ¢ again implies (5).

For convenience, we abuse notation a little by denoting the type distribution functions and
bid distribution functions in a BNE of G(d,,, ®2(V2|az,s)) by F ¢ andH; g, while in a BNE
o of G(F1,®,(v2|az,5)) by Fi o andH; o for any generid= # d,.

From Lemmal, in g,

/ _ 1 ! - L
Mol ) P T F i e(B)
Similarly, in g,
Hi o (B) = —— o(B)= i

7H o — ’
Frd(H2o(B) ° FLd(H1o(B))

By Lemma4, we only need to focus on the case wath, = O.

Observe thaF; ;(H) = v; < F; (H) for anyH andH, which impliesH ,(8) > Hj ,(B)
for eachp. Becaué?e:m =C20 =0,H24(B) > Hz(B) for eachp andxys > Qg by Lemmal.

It follows from (15) thatF2 5(X) < F2,6(X), and thus, 7(H) > F; 7(H) for eachH.* Be-
causeF, ;(H) andF; ;(H) are both weakly increasin@;fal(Hz,g(B)) > Fy 5 (H20(B)). So
Hi 5(B) < Hi 5(B). Sincexg > Xg, we havecy g > C1q, which contradictsI5) and thus the
supposition. Thusy 5 < ay ¢

Now we consider empty rejection set. We explain below that it cannot be the case that for a
givenb, with beliefv, = v; the rejection set is empty but with some different belief the rejection
set is non-empty. For the convenience of exposition, weagge= v, to mean an empty set

21F2‘,c,(vz) is the conditional distributiof,(v2|v2 > a2 ). So stochastic dominance is implied.
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because if the only rejecting type Vg, then rejection is a zero probability event. First, we
explain that if, for a given off-patb, the rejection set induced by belief = v, is empty, i.e.,
ag g = V2, then the rejection set induced by any other belief is also emptyaj.g = V2. To see
this, suppose, for a different belief than= v,, the rejection set is non-empty. $as not null
andayz < V2. Then the highest type of player 2, i.e., type must earn a payoff strictly higher
thanb in o by biddingxs. Then with beliefv; = v,, typev, can reject the bribe. From above,
in any BNE g of the continuation auctionxs < Xs. Therefore, types, at least can bics and
still earn a payoff strictly higher thal, i.e., typev, cannot be indifferent between accepting
and rejecting it. Therefore, the rejection set cannot be empty for hegliefv,. Soay s < vy,
which means that i ¢ = V2> thenay = V2. Therefore, even when empty rejection set is taken
into account, we still havay 5 < ap ¢.

A.7 Proof of Theorem?2

Implementability requires that for each off-path bringhere exists a belief such that it is not
profitable for any type; to deviate to it and in particular not profitable for tyypeto deviate to
b.

From Lemmas, for any givenb, for anyFy, mm(v;|b,F1) = F2(a2.6(0))(v; — b). For any
given b, (v, |b,F;) is minimized by the lowest possib& »(b) among all possible beliefs
F.. By Lemmas, for any givenb, the lowest possiblay 4(b) is achieved by the lowest belief,
namely the belie¥; = v;. Thus implementability requires that

vi—b> max 7 (vy b, Fi). (16)

On the other hand, by Lemnia the expected payoff of player g (v1|b, 4, ), is increasing
in v; and increases at rates no greater than one everywhere. Thus the conditiBnhisna{so
sufficient for no-profitable-deviation of player 1.

So we can conclude that peace is implementable if and only if there existach that )
and (L6) are satisfied, or equivalently, becalisgv,|02) = vacy 5,, the following is satisfied,

\72C1752 + mbaX 7T]_(\_/1|b, 5\11) < \_/l‘

Next, consider the maximization problem ngam (v,|b, dy,). According to Lemma’, if
b > v, — vy, thenb is accepted with probability one. Sovf —v; < 0, then the only possible
peaceful bribe is zero and peace is implementable if and omcifs, + F2(v2)(vy — 0) < vy,
or equivalently
Cio, = 0.
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If vo—v; >0 andb > v, — vy, then the highestr (v, |b, d,) among suclb is 2v; — v, when
b=v,—v;. If »—v; >0 andb < v, — vy, then the rejection set is non-empty aag; (b)

is uniquely given by 1- % = ViIo(ap o). Itis clear thatrm(vy|b, &y, ) is continuous and the
choice set can be restricted[®v, — v;| which is compact. So although in principle there could
be multiple stationary points tm (v4|b, dy,), a solution and the maximum can be solved by a
standard approach.

Finally, we explain the robustness of the equilibrium. Observe that Letsfows that
for any off-pathb and anyF;, rm(v1|b, F1), the expected payoff from a deviationlipincreases
continuously at rates no greater than one. This implies that for any offkpaitid anyf, if it
is profitable for some type, to deviate, then it is also profitable for typeto deviate, because
the equilibrium payoff of player 1 i8; — v which increases at a rate of one. Thus, the belief
V1 = vy survives the D1 criterion.

Similarly, the expected payoff of any typgfrom the rejection of the on-path bribdé; (v»|02),
is increasing for any BN, induced any belief, whereas the equilibrium payoff of type
is b. Thus, whenever it is profitable for some tyyeto reject the equilibrium bribb, then it is
also profitable for type, to reject it. Thus, the belief, = v, also survives the D1 criterion.

Therefore, 7) is also the necessary and sufficient condition for the existence of a robust
equilibrium in the sense of D1.

A.8 Proof of Corollary 1

Consider the case Tol(Fl‘l(s))_ldsg 1. Suppose peace is implementable through the zero
bribe. Consider the continuation auctigiiF;,v,) (and a BNEg>) following the rejection of
the on-path zero bribe. Becau&ef&‘(Fl‘l(s))*ldsg 1, ¢1 5, = 0 and thuxg, = v2 by Remark
2. SoU,(vz|02) = 0 and it is not profitable for any type of player 2 to reject the zero bribe given
the beliefv, = v,. Since it cannot be profitable for any typgeto offer a higher bribe, peace is
implementable with the zero bribe.

If v; = 0, then the only possible peaceful equilibrium bribe is zero. Ifin add\'lidel(Tzl‘l(s))_lds>
1, then by Remark, c; o > 0 in any BNEo> of the continuation auctiogf(Fy, d,) following
rejection of the on-path zero bribe. Thus(vz|02) = voc1 ¢ > 0 and rejection is a profitable
deviation (so the condition irvj fails).
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A.9 Proof of Lemma9

Consider two on-path bribes, andb; < by,. Let the infimum type who offerb, be denoted
by vi, = inf{v1 : b(v1) = by} and the supremum type who offdiisbe denoted by, = sup{v; :
b(v1) =by}. Correspondingly, for=h,l, leta, 5 be the lowest rejecting type amgibe a BNE
of the continuation auction following the rejectionpf

We show that typey, > v, in any equilibrium. To show this, suppose to the contrgry: v
in some equilibrium.

Let i (vi|bj) be the expected payoff of typefrom offeringb;.

If b, is accepted with probability one, then any other on-path bribe is rejected with a positive
probability. So, any typ&; higher than, can offerb, and g (v1|by) increases at a rate of one.
On the other hand, becauses rejected with a positive probability, the expected payoff of any
typevy < v, from offeringby is

1 (va|br) = Fa(82. (br)) (vi — br) + (1 - Fa(a2., (b )))(mBaX Ha.6/(B)v1—B)

which decreases at rates less than one whatecreases frong. So if i (vi|by) > (v |bp),
then . (vh|by) > 18 (vh|br) and thush; is a profitable deviation for type,. Hence, in the
equilibrium g (v |by) < (v |bn). But then this means théaf is a profitable deviation for type
v;. Thereforepy, cannot be accepted with probability one in the equilibrium.

Obviously,by cannot be accepted with probability one in the equilibritfinHence, below
we can focus on the case in which ba&thandb, are rejected with positive probabilities.

Letv;, = sup{vy : b(v1) = bp}. Clearlyv, # v;.

Suppose, < vi. Incentive compatibility requires that the expected payoff of typeom
offering by cannot exceed the equilibrium payoff, nametyv, |b;) > (v |b,). By Lemmal,
this means that

Fo(a2,0, (b)) (Vi = by) + (1= Fa(a2,61 (1)) (Vi —Xo7)
>F2(82,0,(bn)) (Vi —bn) + (1 — F2<32,ah(bh))>(mBaX Hz,6,(B)Vi — B).
IN Oh, Xg;, < Vi, < Vi. SOXg, is an admissible bid for type in the continuation auction and this
implies that may Hz g, (B)Vi — B > Vi — Xg,- So it follows that
Fo(az,0 (b))br + (1—Fa(az2,6, (1)) Xg
<F2(a2,g,(bn))bn + (1 — F2(az,q, (bn)) )Xoy, - 17)

22y offering by, the payoff of typevy, is vy — by. By offering b, the expected payoff of type is
Fo(a2,0,, (bn))(vh — bn) becausen = inf{vy : b(vi) = bp} andby > 0 implies thatc, 5, = 0 in gn. Sinceby > by,
Fo(a2,6,, (bn)) (Vh — bn) < va— by and it is better for typey, to offerby.
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Similarly, incentive compatibility requires tha (vi,|brn) > (v, |by). Thatis,

Fa(a2,q, (b)) (Vi — bn) 4 (1 — F2(a2,6,(bn)) (Vi — Xa3)
>Fa(az,6 (b)) (Vh— 1) + (1 — Fx(az,6 (by )))(mBaX H2,6,(B)Vh — B).

Becauseg, is the highest bid igj andvj, < vi, max; Ha g, (B)V, — B >V}, — Xg;.%° S0

F2(2,0,(bn)) (Vi — bn) + (1= Fa(@2,6;, (bn) ) (Vi — Xa1,)
>Fa(2,6,(01)) (v — ) + (1= Fa(ag. (1)) (Vo — Xo3)

or equivalently,

F2(a2,6/(b1))br + (1= Rz (a2, (b1)))Xg,
>F(a2,,(bn))bn + (1 — Fx(a2,6,(bn)) )Xo, - (18)

So (17) and (L8) contradict each other. By similar arguments, a similar contradiction is
obtained ifv, > vj. This completes the proof of, > v.

A.10 Proof of Lemmal0

It is straightforward to see that in any equilibrium, at most one on-path bribe can be accepted
with probability one. So below we will focus on on-path bribes with a positive probability of
rejection.

Suppose there exists an equilibrium in which there is an open interval o¥typesr which
the bribing function is continuously increasing. Then the bribes over the interval are separating.
By the similar arguments in footnofi€3, we can conclude that upon receiving such a separating
bribeb(v1), player 2's best response is described by an intgagél; ), v»] for someay(v1), i.e.,
to accept the bribe W, < ax(vq) and reject the bribe otherwise.

Since the interval is open, the on-path bribes over the interval are all strictly positive. Con-
sider the continuation auction following rejection of a briije; ) from the interval. Typey(v1)
is indifferent between the expected payoff from the auction and the positive bribe. Since type
az(vq) earns a positive expected payoff in any BEof the auction (equal t0y gaz(vy)), it

Z0bserve that in the continuation auction following the rejectiorofit is optimal for typev; to bid xg,
(i.e., maxy Hz g (B)Vi — B =V — Xg) but not optimal for any type; < v. So the envelope theorem implies
maxg Hz g, (B)v1— B decreases at rates less than one whetecreases from to vj,. On the other handi — X,
decreases at a rate of one wherlecreases from to v;,.
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follows thatcy ¢ > 0. So, typev; earns zero payoff in the auction and the upper bound of the
common bidding interval is;.

Consider player 1's another type that mimics typev; by offering bribeb(v;). By Lemma
3, if ¥, > vy, typevi’s optimal choice is to bidi; to win for sure and the payoff is thug = v;.
Similarly, if V1 < v1, then typevi’s optimal choice is to bid zero and the payoff is zero.

Now consider a bribé(v1) from typev; and another bribb(V1) from typevi in the neigh-
borhood ofv;.

If type V1 > v; mimics typev; by offeringb(vy), the expected payoff is

T8 (V1, V1) = Fa(@2(v1)) (V2 — b(v1)) + (1 — F2(a2(v1))) (V1 — va).
The incentive compatibility condition requirés
f2(@2(v1)) (va — b(v1))aa(v1) — Fa(az(va))b (V1) — (1 — Fa(@z(v1))) = 0. (19)
If type v1 < V1 mimics typev; by offering a separating bribd®V, ), the expected payoff is
T8 (V1, V1) = F2(82(V1)) (v — b(V1)).
The incentive compatibility condition requires
fa(az(va))(va — b(v1))ah(v1) — Fo(az(v))b'(v1) = 0. (20)
The conditions 19) and @0) together imply
—(1-FR(az(v1))) =0,
which can be true if and only #(v1) = v» for all v and thudy(v1) = 0, a contradiction to the

assumption of the separating segment.

A.11 Proof of Theorem3

We show the result by showing that there exist no equilibria in which there are two consecutive
pooling bribes rejected with positive probabilities. This is because, from Letnama 10, we
know that in any non-peaceful equilibrium, the bribing function can only be a non-decreasing

24The conditiorv; € argmax, 76 (V1,v1) yields
f2(a2(91)) (V1 — b(¥1)) a5 (1) — Fa(az(V1))b/ (V1) — (1 — F2(82(¥1))) = O.

Replacingvi by vi we obtain (9).
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step function or a constant. So, if no consecutive pooling bribes are rejected with positive
probabilities and the equilibrium involves a step function, then there can only be two on-path
bribes, with the higher one being accepted with probability one.

Suppose there exists an equilibrium in which any type [v;, V1) offers a bribeb; and any
typevs € (1, vy| offers a bribeoy, for somev; < vy < Vi.22> By Lemmag, by, > by > 0. Suppose
further bothb, and b, are rejected with positive probabilities. Let the rejection seb;dbe
[a,,4i(bi), V2] fori = h,l. And denote a BNE of the continuation auction following rejection of
bi by o' and the highest bid by,;:.

Clearly typev; is indifferent betweetby, andby. It follows from Lemma3 that in o type
V1 bids zero and the expected payoffcis,nV1 whereas ino! type v bids X, and the payoff
is V1 — Xg1. Because type, 5n(bn) must be indifferent between rejectibg > 0 and accepting
it (and thus earn a positive payoff), it follows thagt,» > 0 andc, ,n = 0. So the indifference
condition for typev; is

F2(8,6n(bn)) (V1 — bn) = Fa(@g 61 (01)) (V1 — br) + (1 = Fa(@g 51 (1)) (V1 — Xg1)-

The factc, ;n > 0 means that a positive measure of typesn the right neighborhood of;”
earn zero iro". It follows that the highest bid io", x,n > 9. So

Fa(ag on(bh)) (V1 — bn) + (1 — Fa(ag gn(bn))) (V2 — Xgn)
<F(ag g (b)) (Vi —br) + (1= Fa(ag o1 (1)) (V2 — X1,

which is equivalent to
Fa(ag o0 (bn))bn + (1 — Fa(ag gn(bn)))Xgn > Fa(@g g1 (01))b1 + (1= Fa(ap g1 (b))% (21)
In the equilibrium, the expected payoff of typgis

M (Vh) = F2(82 61 (b)) (Vh — bn) + (1 — F2(ag 5n (bn))) (Vh — Xgn)
= Vh — [F2(@g,n (b)) bn + (1 — Fa(ay gn (bn)) ) Xn)-

Similarly, by deviating tdy|, the expected payoff of type, is
T8 (Vh|br) = Vh — [F2(8z 1 (b1)) b1 + (1 — F2(8g o1 (B1))) X1 ]-

So, it follows from @1) thatra (vy|by) > 18 (Vi) and thudy, is a profitable deviation for type,,
a contradiction.

25[a, b) means fa, b or [a,b)”. Similarly, (a,b] means fa,b] or (a,b]".
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B Proofs for the requesting model

B.1 Proof of Lemmall

Consider first the case > 2v,. In any peaceful equilibriunm, < v, and player 1's payoff is
r. Suppose type; deviates to an off-path request (v,,v1/2). Upon receiving the off-path
requestr, no rejecting typev, would bid more tham in the continuation auction. So for any
belief F1 and anyo, x5 < r. SO,V1 —Xg > V1 —F > Vi —Vi/2=V1/2 >V, > . Sincer > T, for
any beliefF; and anyo, typevy’s expected payoffr (vi|r,F1) > r by (8). Therefore, such an
off-pathr € (v,,v1/2) is always a profitable deviation for typg. So in this case, there exist no
peaceful equilibria.

So, there exists a peaceful equilibrium onlyif< 2v,. With similar arguments above, it
follows thatr > v1/2 in any peaceful equilibrium. To see this, suppose to the contrary, /2.
Consider typev;’s deviation tor = v;/2. Again, in the continuation auctiong <r =v;/2
for any beliefs. Sam (Vi|r = v1/2,F1) > Vv1/2 > and thusr = v;/2 is a profitable off-path
deviation for typev; for any beliefs.

B.2 Proof of Lemmal2

In any robust peaceful equilibrium with D1, for any off-path request, the only reasonable belief
is v; = v1, because the expected payoff of typefrom the off-path deviation is increasing. So,
we focus on this belief below.

We first show that in this case f; < v» andr < vy, then typev; can always deviate
to somer € (r,v1) which is accepted by all types of player 2 and thus a profitable devia-
tion. To see this, suppose< v;. Upon receiving an off-path request (r,vy), with belief
v1 = Vi the rejection set of player 2 {8,, a2 5(r)] for someaz z(r) > v,. In any BNEo of
G(v1,Wa(V2|a2,5(r))), X5 = V1 by Lemma2 because; < v, impliesc, 5 = 0.2° But then this
violates the off-path consistency requirement for player 2 because the payoff afiyje) is
a2 5(r) —Xg = a2 5(r) — vi and thus the fact that< v; implies that it is better for typer 5(r)
to acceptr. Therefore, the consistent reply of player 2 is to aceefor all typesv,. But full
acceptance implies then that this off-path (r,v1) is a profitable deviation for type,.

So, ifv; < vy, the only possible robust peaceful equilibrium requestisvi. Suppose such
an equilibrium exists and thus in the equilibrium player 2’s payofbhis- v;. Consider player

26)f c2.5 > 0, then it means that there is a positive measure of typ@arning zero payoff by bidding zero &
but any typev, > v; can secure a positive payoff by biddiag —
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2’s deviation—rejection af. For any giverifg, in any BNEo> of G(Fy, Ifz), because; > v;, we
must have thatl;(v1]|02) = V1 — Xg, > 0, i.e.,Xg, <V (if U1(v1|02) = 0, thenUs(v4|02) <O
becausdJi(v1|0y) is strictly decreasing in the neighborhood\af thus a contradiction). It
follows then that the payoff of typel' := sup supg is Ua(V'|02) = V' — Xg, > V' V3. SO,
rejection ofr = v; is a profitable deviation and thus a contradiction. This completes the proof.

B.3 Proof of Theorem4

In any robust peaceful equilibrium with D1, for any off-path request, the only reasonable belief
is v; = v1, because the expected payoff of typefrom the off-path deviation is increasing. So,
we focus on this belief below.

We first show that in any robust peaceful equilibria- v,. Suppose to the contrary<
V,. Upon receiving an off-path € (r,v,), with beliefv; = v; the rejection set of player 2 is
V5, a2 5(r)] for someas 5(r) > v,. Consider a BNEo of G(d;, Wa(vo|a2,5(r))). If cg >0,
then ino typevs's payoff is zero and thuss = v1; but then typen, 5(r) would find it better to
accept because < v, < vi. If ¢ 5 =0, then ino typev,’s payoff is zero and thus would find
it better to accept. Therefore, the consistent reply of player 2 receiving suchiano accept
it for all typesv,. But then full acceptance implies that suchrais a profitable deviation for
player 1. Therefore, we can conclude that in any robust peaceful equilibrig.

The arguments above also show that with: v,, it cannot be profitable for player 1 to
deviate to any off-path < v, because the consistent reply of player 2 is full acceptance. So
below we can focus on > r = v, and clearly for these off-path requests the rejection set is
non-empty, i.e.q2 5(r) > vs.

Recall thatxg, is the highest bid in any BNE™ of G(d5,F2). So whenvy > v,, it must
be thatxz« > v,. This is because, Kz < v,, then both types; and typev, win with positive
expected payoffs (and thus probabilities) and tbis , c2 5« > 0, which is impossible.

Consider first am > Xg+. We show that for such anthe consistent reply of player 2 is full
rejection and thus it is not profitable for type to deviate to such an To see this, suppose
that the rejection set is,, a2 5(r)] andaz 5(r) < v2. Then sincens (r) is in the interior of
the support of, the indifference condition implies that in any BNE of the continuation
auctionG(dy;, Wa(v2|02,5(r))), X =T > Xg+. From Lemma2, xz = vi(1—cC5). Because
Xg+ =V1(1—C,5+), We havecy 5+ > C 5 > 0. Becausep g+ > 0 and by definition ot 5+ we
havevi |, _, (Fz‘l(s))flds: 1, it follows that

\71/01 (Fz‘l(s))_lds> 1

2.6
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which in turn implies
CLg = 1—\71/1 (F,4(s)) Tds< 0
C2.6
which is impossible. Therefore, for any> X5+, the consistent reply of player 2 is full rejection,
i.e.,a25(r) = V2. From above, in any BNEE* of G(3j, ), Xa+ > V,. Becauser; < 2v,, type
v1's payoff isv; — Xz« < V,. So with full rejection, it is not profitable for type to deviate to
such arr.

Next consider am € (v,,X5+) and the rejection sét,, a2 (r)]. If full rejection is a consis-
tent reply, i.e. a2 5(r) = V2, then the continuation auction ¢ &y, , F2) and the highest bid in
any BNEo™ is Xg+. Because < xg+, in o* the payoff of typev,, i.e.,vo — X+, is lower than the
payoff from acceptance, i.e., full rejection violates the off-path consistency requirement. There-
fore, for anyr € (v, X5+), a2,5(r) < V2 in any consistent reply. So the indifference condition for
type a, (r) implies: there is a unique consistent reply withz(r) given by ©);?’ the highest
bid in any BNEo of the continuation auctiors = r and thus the expected payoff of typgis
F2(a2,5(r) (Vi —1) + (1 Fa(az,5(r))r.

We can then formulate the maximization problem 18)(with the compact choice set in-
cludingv, andxg+. So in any robust peaceful equilibrium, it is not profitable for any typt®
deviate to any off-path request if and onlyif > F>(az2 5(r*)) (v — r*) + (1 — F(02,5(r*)))r*.

Then by continuity of the objective function in@) the inequality condition is equivalent to the
equality condition.

Now we consider player 2’s rejection of the on-path request. In any robust peaceful equilib-
rium with r = vs, if the equilibrium request is rejected, the only reasonable belief abauis
thatv, = v, because for any belief the expected payoff of player 2 increases at rates no greater
than one. Thus itis not profitable for any typeto rejectr if and only ifUa(v,|g5) = 0, namely
VoC1g, = 0.

Aggregating all the results above, the proof is completed.

B.4 Proof of Lemmal3

We first show thatr, 5 > a» 5. To show this, suppose to the contramy,s < 02 g.
Given an off-path bribe, consider the BNEo of G(dy,, W2(V2|a2)) induced by belief
v1 = v; and some BNE of G(Fy, Wa(V2|a2 o)) induced by some beligh;. If a5 < V2, then

27Sincevy > X3+ > I = X5z and thus type; earns a positive expected payaff,z > 0 andcy g = 0. Applying
€15 =010 (2) for G(oy, Wa(vo|az2,5(r))), itis clear thaior, ¢(r) is given by Q).
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Xg =Xg =T1.If az ¢ < Vo, thenxgs < Xg =r. Hence,ay s < Az ¢ implies
Xo < Xg-

For convenience, we abuse notation a little by denoting the type distribution funé&ions
and bid distribution functionsl; in the BNE g by F ; andH; ¢, while in the BNEg by F 5
andH; ; for any generid= # .

From Lemmal, in g,

/ — 1 A - !
el ) P T o B)
Similarly, in g,
et g 1
Mol e ) P T R e (B)

Observe thaFlfgl(H) =v; < Fljg (H) for anyH andH, which impliesH; ,(B) > Hj ,(B)
for eachf. Becauses < Xg,

Hoo(B) =1— /B Hp ()X < 1 /B H} o ()X = Hp.o(B)

for any 3. In particular,cy ¢ = Hz 5 (0) < H 5(0) = Cp o. Because&; ¢C g = 0= C1 ¢C2 5, WE
havecy g > C1 6.

It also follows fromas s < 25 that F g(V2) > Foo(Vv2) for vo # {Vv,, a2}, and thus
F,5(H) <F; 5(H) for eachH # 0.%° Becausé, ;(H) andF, ;(H) are both weakly increasing
andHz.(B) < Ha,o(B) for any B, F; 2(Ha.o(B)) < F (Ha.0(B)). SoH{ 4(B) > Hj 4(B) for
anyf > 0. Sincexg < Xg, we have

cro=1- [ Hio(B)B <1~ [ Hio(BIdB =i

a contradiction ta@; s > C1 ¢ from above. Hence the supposition is false and we gy >
az,¢, Which also impliexg < Xg-.
The proof foraz ¢ > 02 7 andxs < Xz can be done in the same spirit and thus is omitted.

B.5 Proof of Theorem5

We first consider player 2's rejection of the on-path reque€iearly among all possible beliefs
and the BNE induced by the continuation auctiif, Ifz), the highest payoff is achieved when

28F, 5(V2) is the conditional distributiof(va|v, < 02 4). So stochastic dominance is implied.
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player 1's belief isF, = dy,. Hence it is not profitable for type, to rejectr if and only if
VoC1.5, = 0.

Below we turn to deviation of player 1 to off-path

Suppose first; > vs.

Consider first < v,. For any beliefF;, the consistent reply of player 2 receiving such an
r is to accept it for all types,. To see this, recall from Remaftkthat If full acceptance is the
consistent reply to for beliefv, = vy, then it is also the consistent replyrtéor any beliefs. So
suppose that for belief = v; the request is rejected with a positive probability and consider
a BNE g of the induced continuation auctigi(dy,, W2(v2|a2,4(r))). In g, if ¢ ¢ > 0, then in
o typev;'s payoff is zero and thug; = vq; but then typen, 4 (r) would find it better to accept
because < v, <v,. If ¢ s =0, then ing typev,’s payoff is zero and thus would find it better
to acceptr. So for the beliefr; = v; and thus for any beliefs the consistent reply ta v, is
full acceptance.

It also follows that it cannot be profitable for player 1 to deviate to any off-pathv,
because the consistent reply of player 2 is full acceptance. So below we can focus/gand
clearly for these off-path requests the rejection set is non-emptyas.g(f) > Vs.

Consider next > v,. Such ar must lead to a positive probability of rejection.

By Lemmal3 we havexg < Xg for any BNE o of the continuation auction induced by
any beliefF;. If the consistent reply is full rejection for some belief, then in anyf the
continuation auction the payoff of typg is vi — Xg. So among all possible beliefs such that
full rejection is the consistent reply, the highest payoff of typés achieved when the belief is
v1 =V;. LetXg. be the highest bid in any BNE* of G(&,,F>). So wherv, > v,, it must be
that

Xg+ > Vo.

This is because, &g+ < Vo, then both typey; and typev, win with positive probabilities and
thuscy g+,C2 o+ > 0, which is impossible. Becausg < 2v,, typevi's payoff isvy — Xg+ < Vs.
So for any beliefs inducing full rejection, it is not profitable for typeto deviate ta > vs.

For any belief that induces partial rejection, the expected payoff ofiyjsd (a2 5 (r)) (V1 —
)+ (1—F(azs(r)))r. Becausery < 2v, andr > v, impliesvy —r < r, the highest expected
payoff is achieved by the highest possibig;(r) among allo, namelyas 5(r) by Lemmal3.
Robustness of the peaceful equilibrium ensures that it is not profitable fowfytpedeviate to
suchr for the beliefv; = v;. So now we are done with> v, and thus the casg > V..

Suppose now; < V,.

We first consider the consistent reply to arfpr beliefv, =v,. If r < vy, thenr is accepted
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by all types of player 2 for the belieh = v;. This is because, if is rejected by some types

of player 2, then in the continuation auction the highest bid must;kend thus the highest
rejection type would rather have acceptedf r > v;, then obviously with belief;, = v, full
rejection is the consistent reply sinee< v, and thus by bidding; in the continuation auction
any typev, can secure a payo¥b —v; > Vo —r. And in any BNEg of the continuation auction
G(dy,, F2) following full rejection, the highest bid i8; = v;. This is because, ¥; <v; <V,

then both typey, andy, earn positive payoffs and thas 5, C> o > 0 which is impossible. It is
now also clear that for = v;, player 2 is indifferent between acceptance and rejection for the
beliefvy = v;.

We next explain that, —v; <V, is a necessary condition for peace security. Obviously
player 1 can always deviate to a high enougdle.g.,r > v;1) which leads to full rejection for
any beliefs. In particular, with beliefi = v;, the highest bid in the continuation auctiorvis
and the payoff of type; is v1 — v;. SO peace security requires— v, < Vs.

We now show that; — v; <V, is also sufficient to ensure that it is not profitable for type
to deviate to any off-pathfor any beliefs.

From Remarlé we have that if full rejection is the consistent reply timor some belief, then
full rejection is also the consistent replyitdor the beliefv; = v;. So for any giverr, among
all beliefs that lead to full rejection, the highest payoff of typas achieved when the belief is
v; =V, by Lemmal3. Thus the conditiorv; — v; <V, also ensures no profitable deviation to
r for those beliefs. Hence, for any givenbelow we only need to focus on beliefs that lead to
partial rejection or full acceptance.

With partial rejection, the expected payoff of typeis

T (V1|az,0(r) € (Vo,V2)) = Fa(02,0(r)) (Vi — 1) + (1= R(az,¢(r)))r (22)

which is an average of, —r andr.

Recall thatv; < 2v,. Sov, > v /2.

Consider > v,. Obviously, such an always leads to a positive probability of rejection for
any beliefs. For any belief that induces partial rejection, the expected payoff oftypgiven
by (22). Becausery —r < V, < r, the maximum ofr (v1|az ¢ (r) € (V»,V2)) is achieved by the
lowest possibler, (1), namelyas 5(r) when the belief is; = v1. Robustness of the peaceful
equilibrium ensures that it is not profitable for typeto deviate to such for the beliefv; = v;.
So, we are done with> v,.

For anyr <v,, full acceptance means no profitable deviation for typend thus below we
only need to focus on beliefs that lead to partial rejection.
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Furthermore, from Remarg, if for somer the consistent reply is full acceptance for the
beliefv; = vy, then full acceptance is the consistent reply for any beliefs. Also from above, for
the beliefv; = v; any request no greater thapleads to full acceptance. So the request leading
to partial rejection must be greater thgn So, below we can assume> v;, which may lead to
partial rejection for some beliefs.

Considerr € |v4,V,|. For any belief that induces partial rejection and the B&lEhe ex-
pected payoff of typer; is given by @2). If r € [v1/2,v,], then because; —r < r < v, the
expected payoff of type; is not greater thaw,. So it is not profitable for typg; to deviate to
suchr for any such beliefs. If < v;/2, then because> v;, we havev; —r < v; —v; and thus

Fa(a2,0(r)) (Vi — 1)+ (1—Fa(az0(r))r <Fa(azo(r))(vi—vq) + (1 - F(aze(r)))r.

Sincer < v1/2 <V,, the conditiorv — vy <V, ensuregs (Vi|d2,4(r) € (V,,V2)) < V, and thus
it is not profitable for typey; to deviate to such for any such beliefs.

Aggregating the above, the sufficiency of conditian- v, < v, for the case of; < v, is
proved. Therefore, the proof for the theorem is completed.
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